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Abstract 

Let X be an infinite smooth scheme of essentially finite 
type over a perfect field. This article proves the existence 
of 6-functions for locally finitely generated unit .F-modules 
when equipped with their induced Dx-module structure. It 
is shown that the 6-function can be chosen to have rational 
roots and is determined locally in the etale topology. 
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1 Introduction 

The purpose of this article is to define the notion of a 6-function in positive characteristic, 
prove one exists locally, and prove that it can be chosen to have rational roots. More pre- 
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cisely, we define the notion of a 6-function for generators of unit F"-modules. We show when 
A is a smooth variety over a perfect field and the generator is coherent, then the 6-f unction 
exists locally and has rational roots. The definition of the 6-function proposed in this article 
was inspired by M. Mustata's analysis [Mus09j of the relationship between F-jumping expo- 
nents for the test ideals t(/ a ) and the actions of the higher Euler operators on the first local 
cohomology module along the graph of / . The definition presented in this paper depends 
on (locally) choosing a generating morphism in the sense of G. Lyubeznik |Lyu97| . 

Definition Let A = Spec(R[t]) and A : M — >■ F£*M be a morphism generating the unit 
F n -module (At, F n ). A 6-function for At is a polynomial b(s) G R[s] and an integer N with 
the following property for every integer e > 0: If A is a root of b(s — 1) then A G (0, 1] and 
for every < a < q N if |~Ag e+1 ] — a = jo(X, a) + ji(A, a)p + ... + j„ e (A, a)p ne is the base p 
expansion, then 

11 11 _0i + 1 + Ji ( A ' a ) annihilates ®%[t> 0i> ■■•» 0e]M/W R [t, 9x, 6 e }tM 

0<a<q N \ 

b(X-l) =0 
where 0< = d [ f~\ pl ~\ 

The higher Euler operators satisfy the simple equation 6^ — Oj = but it is not obvious that 
the 6-function exists in any non-trivial cases. A'priori, for each e the definition could require 
the use of p ne ~ N+1 distinct A. The first non-trivial case was discovered by M. Mustafa in 
|Mus09] where it was proven that a 6-function for the first local cohomology module along 
the graph of / is the polynomial b(s) = Yli( s + ^t) where {Aj} are the F-jumping exponents 
of / in (0, 1]. This is a very close analogue to the analytic setting where the roots of the 
6-function are related to the filtration by multiplier ideals. The work in |Mus09] also implies, 
since F-jumping exponents are rational numbers, that b(s) has rational roots. The main 
result of pVlus09] is generalized as the main theorem of this paper. 

Main Theorem (Ring-theoretic version). If R is a commutative F-finite ring which is 
smooth and of essentially finite type over a perfect field k, A : M — > F™M a root morphism 
generating a unit F n -module (At, F n ) on R[t] with M F[t]-finite, then it admits a 6-function 
with rational roots. 

There is also the algebro-geometric analogue. 

Main Theorem (Algebro-geometric version). If A is a smooth F-finite scheme of es- 
sentially finite type over a perfect field k, (At,F n ) a unit F n -module on X x A 1 , then for 
every affine open set U C A, every Ojj^k 1 - coherent generator (M,A) of (At Ic/xa 1 ; F n \ UxA i) 
admits a 6-function with rational roots. The 6-function is stable under restriction to etale 
neighborhoods. 
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Before introducing some background, let us first mention some important and motivating 
examples. 



Example. If R is a commutative regular F-finite ring of essentially finite type over a perfect 
field Ik and 

M = R[t)u- t) /R[t]*iH* t (R) 

— — P 

with standard F-structure given by h i— > h , then a 6-function for the generating morphism 

R[t]/(t)^R[t]/(t) h^h(f-t)p~i 

is given by the polynomial whose roots are the negatives of the F-jumping exponents for the 
generalized test ideals r(f x ). This statement will be proven in this paper but is originally 
contained in |Mus09j in a stronger form. 

Example. If R is a commutative regular F-finite ring of essentially finite type over a perfect 
field k, p n = 1 mod m, and 

M = B m 

with standard F n -structure given by /i i — >• h p " , then a 6-function for the generator \/i is 
given by (s + — ). This is the same as the ^-function (using operator —dft) in characteristic 
zero. 



Example. If R — k[t] with k a perfect field and 

M = k[t, r 1 , u]/{u p " + tu pn ~ l - t) 

with standard F n -structure arising from being the push forward of a local system on k[t, £ -1 ], 
then a 6-function for the canonical generator is given by 

n. m. 

0<m<p n F 

Let us now briefly summarize the theory of 6-functions in characteristic zero so that it may 
be related to the definition given in positive characteristic. Recall that when X is a smooth 
complex algebraic variety with Z C X a smooth hypersurface defined globally by the sheaf 
of ideals Tz, the ring of differential operators 3x can be naturally filtered by setting 

V^ x = {P e B X \R4 c X^Vj}. 

When X = Spec(S) with S = C[x u x n ,t] and Z = {t = 0}, then B x is the Weyl al- 
gebra on n + 1 symbols, C(xi, x n , t, d\, d n , d t ). The ^/-filtration is given by placing 
xi, .., x n , di, d n in degree 0, t in degree 1 and d t in degree —1. The 0-th component of the 
associated graded to this filtration is D^[tc^]. For the benefit of the reader, the remainder of 
this introduction will be restricted to this case. 
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Given a finitely generated Ox-module, j e Z, and an element M C A4, we can consider 
the D z [-<9 t t]-module N M ,j = V j B x M/V j+l B x M. A 6-function for M is said to exist if for 
all Ox-coherent sets M C M. generating M. as a Ox-module, there is a non-zero function 
(Zm(s) £ C[s] such that aj^(— dtt — j) annihilates Nmj for all j. The minimal degree monic 
polynomial with this property is denoted by &m(s). As the filtration V£Bx is well-behaved in 
characteristic 0, it turns out that a 6-function exists for M. if and only if for every M there is 
a polynomial cm(s) such that cm{— d t t) annihilates N M)0 . For instance, if for every M N M ^ 
is holonomic as a D^-module, then s t— > —d t t determines a map C[s] — >■ Endo z (NM,o)- The 
latter ring is a finite dimensional vector space, thus om(s) exists for all M and .M admits a 
6-function. More generally, it is known that if M. is regular and holonomic, then a 6-function 
for M. exists. 

Given a regular function / : — > C with an isolated singularity at the origin, one can con- 
sider the D A n+i-module «}Ca™ where if is the inclusion of the graph. Inside of this module 
there is a canonical generating element 5 and it turns out that very interesting things can be 
said about bs(s). It is known that b$ (s) exists, has rational roots, and encodes information 
about the singularities of /. 

In the positive characteristic setting, many of the same questions may be posed. There 
are two major difficulties. The first is that the ^/-filtration as defined above no longer be- 
haves very well. The second is that the Euler operator —dtt satisfies the simple equation 
x p — x = 0, making all statements trivial. An equivalent condition to the action —d t t satisfy- 
ing a polynomial equation on V^OxM/V^OxM is the requirement that V^xM/V^xM 
is a finite direct sum of generalized eigenspaces for the action of — dtt. Motivated by this 
and using the higher Euler operators d\ n H n , in positive characteristic we could simply ask 
for any Ox-coherent generating set M that V°3xM/V l J}xM breaks up as a finite direct 
sum of multi-eigenspaces for the entire collection {— <9j n ^t n }. It was observed in |Mus09] that 
this condition is too weak to capture all of the interesting behavior of the action of the 
higher Euler operators on the first local cohomology module along the graph of a function. 
The more interesting object of study in |Mus09j was the quotient V°W x M/V l W x M where 
©x is the p-filtration. Thus we set out the following criterion for the existence of a 6-function. 

Criterion for a 6-function 

Fix M C Ai where Ai is a Dx-module generated by M with M Ox-coherent. It is trivial 
to observe that l /0 D x M/K 1 D x M is a direct sum of multi-eigenspaces for the collection 

{— h p% 1 }f = i- The main conditions we would like to require are: 

1. (Finiteness) The number of (non-zero) multi-eigenspaces of V°W X M /V^^M is uni- 
formly bounded (independent of e). 

2. (Relationship) For any e and k, the multi-eigenspaces of V°W x k M /V l W x k M are 
related to the multi-eigenspaces of V^D^M/V^D^M. 



4 



This criterion helped to guide the definition of the 6-function given in the first paragraph. 
However, we also hope to prove its existence. In the complex setting, it was shown to exist as 
long as the module was regular and holonomic. Therefore, in order to construct an existence 
theorem in positive characteristic it is necessary to restrict our category to one smaller than 
the category of all IB>x-modules. The work of M. Emerton and M. Kisin |EK04] suggests a 
setting in which the ^-function may exist. In [EK04], it was shown that the category of lo- 
cally finitely generated unit FjJ-modules is equivalent to the category of perverse F p n-sheaves 
on the etale site of X. This is an analogue of the complex case where the category of regular 
holonomic Ox-modules is equivalent to the category of perverse C-sheaves on the analytic 
site of X. Thus, a natural setting in which to search for 6-functions is within the context of 
locally finitely generated unit F n -modules. In terms of this setting, we should weaken the 
investigation from generators of M. as a D^-module to coherent generators of M. as unit a 
F"-module. 

The approach to proving the main theorem of this paper is to construct a generalization of 
generalized test ideals which are proposed to be called "list test ideals" and "list test mod- 
ules". It is shown in 13.41 that one can use this construction to recover test ideals. With these 
"list test modules", there is a way to define an analogue of F-jumping exponents, which are 
simply called jumping numbers. When generalized test ideals are constructed as list test 
ideals, the jumping numbers of the latter will coincide with the F-jumping exponents of the 
former. These jumping numbers share some of the same properties of F-jumping exponents: 
If A is a jumping number then so are pX and A — 1, the set of jumping numbers is dis- 
crete, and every jumping number is rational. This paper also develops some further theory, 
namely exhibiting that the jumping numbers are etale local in nature. The purpose of the 
appearance of the jumping number associated to "list test modules" stems from a certain 
reduction of cases for proving the 6-function exists. It is shown that one can reduce to the 
case where the coherent generator is free of finite rank and then a 6-function is determined 
by a polynomial whose roots are the jumping numbers of some list test module. Hence, the 
6-function exists, has rational roots, and etale local in nature. 

The layout of the paper is as follows. In the second section, some overview and unifying of 
standard notation is developed for use later in the paper. The third section is dedicated to 
the development of the theory of "list test modules", the development of the theory of jump- 
ing numbers, and the proof that they are discrete and rational. The fourth section analyzes 
the action of the Euler operators, defines the existence of a 6-function, reduces the case to 
the one mentioned in the previous paragraph. This section then relates the existence of the 
6-function in that case to the jumping numbers associated to certain "list test modules". 
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2 Preliminary Information 



This section will discuss notation and provide background on the structural properties of 
certain ©-modules, called unit F-modules. The results in this section are restatements, obvi- 
ous generalizations, combinations, or immediate corollaries of results contained in [BMS09J, 
|EK04| . |Haa87j . and |Lyu97| . 

2.1 Notation 

Notation 2.1. Throughout this article the following conventions will be used. 

- k is a (perfect) field of characteristic p. 

- q is a power of p 

- For a scheme X, Fx is the (absolute) g th -power Frobenius map on X given by / i— > f q . 

- R is a regular Noetherian commutative k-algebra and the map Fr is finite. 

- X is a regular scheme over k, the map Fx is finite. 

- B) x C £nd k (Ox) is Grothendieck's sheaf of differential operators. 

- A map of R- modules, T : M — > N, is called g-linear if T(rm) = r q T(m). 

Remark 2.2. The use of Fx to denote the q th -power Frobenius is slightly non-standard. 
However, in this article it will be convenient to use a notation that allows us to increase the 
power of p without complicating the notation. 

2.2 Unit Fx-modules 

Unit F-modules were investigated by G. Lyubeznik in |Lyu97| where many of their funda- 
mental properties were proven. Most notably, he defined the notion of a generating morphism 
and an F-finite unit F-module. He also studied how F-finite unit F-module, which carry a 
natural structure of Ox-module, had very special properties as Ox-modules. We begin by 
stating a slight variation on the definition of unit F-modules given in |Lyu97| . 

Definition 2.3. A unit F-module is a pair (A4, F) of a quasi-coherent Ox-module, Ai, with 
a g-linear endomorphism F : M. — » Ai such that the induced map Q~ x : F X A4 — > M. defined 
locally by 0~ 1 {f ®m) = fF(m) is an isomorphism. 

There is also a corresponding variation of the construction given for creating unit F-modules 
in |Lyu97j 1.9]. 
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Definition-Construction 2.4. Let M be a quasi-coherent 0x- m odule and A : M — y F X M 
a map of (9x-modules. Iterating pull-back by the Frobenius map yields the directed system 

a Ft (A) Fl*(A) 
M — >F* X M — y F X *M — ► .... 

Let Ai denote the direct limit of this directed system and \x e : F X M — y Ai the inclusion 
maps. By construction, /z e+1 o F X (A) = \x e . Define F to be the g-linear endomorphism of 
Ai given by F(fj, e (g <g> m)) — n e+ i(g q <8> m). 

The pair (Ai,F) is the unit F-module generated by (M,A). 
(M,A) is a generating morphism for (A4,F). 

(Ai, F) is locally F-finite or locally finitely generated if locally it admits a generating 
morphism (M, A) with M Ox-coherent. 



Proof. It needs to be confirmed that Ai induces a unit F-structure on Ai. 
As observed in |Lyu97| , there is a natural isomorphism 

9 : Ai = limFj +1) *M -> F£ hm Ff*M = 

e e 

defined locally by 

/Vh(/ <S>m)^- f <S> /i e (l <8> m). 

We need to show that 6~ l is as prescribed by the two previous definitions. To see this, note 
that 

9(fi e+1 (fg q <g> m)) = fg q <g> fi e (l <g> m) = f <S> fi e (g <S> m), 

therefore 

e~ l (f <g> ^ e ( 5 g> m)) = //e+i(/(/ 9 <g> m) = //i e +i(# 9 ® m) = /F(// e ( 5 <g> m)). 

□ 

Remark 2.5. A unit F- module can be regarded as a left module for the sheaf of non- 
commutative algebras Ox{F} which is defined to be the quotient of the free C^-algebra on 
the letter F by the two-sided ideal (f q F — Ff). It was shown in [EK04] that a unit F-module 
(Ai, F) is locally finitely generated over the ring Ox{F} if and only if it is locally generated 
by (M, A) in the sense of 12 .41 for appropriately chosen M and A. 

It will be useful to have a systematic method for changing the unit F-structure and gener- 
ating morphisms when q is replaced by q 1 . 
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Lemma 2.6. If q' = q 1 is a power of q and F x the q' th -power Frobenius then any unit 
F-module (Ai,F) naturally determines a unit F 1 = F -module structure on Ai given by 
(M, F' = F 1 ). If (M, A) is a generating morphism for (M, F) then (M, F%~ 1)m (A)...A) is a 
generating morphism for ( Ai ,F). 

Proof. For the first statement, it is clear that F is (/-linear because F is g-linear. It is 
necessary to check that 

F'x Ai M by / ® m h> fF' (to) 

is an isomorphism. The proof proceeds by induction on 7. The result is clear for 7 = 1 and 
assume it holds for 7 — 1. The following diagram establishes the proof for 7. 

F'*M - — -F^F^^M) — F*M Ai 

/ ® to ■< 1 / <g> (1 <g> to) 1 ^ / g> F^-^m) 1 *~ fF{F^~ 1 (m)) = fF~«(m) 

For the second statement, it is clear that as Ox-modules Ai = lini F X M. It is only necessary 

to check that the g'-linear map induced on Ai by F x 1 * > *(A)...A is F' . If fj! e denotes the 
inclusion maps of F X M into Ai, then the induced g'-linear map is 

fi' e (f ® to) ^ fi' e+1 (f q ' ®m). 
The 7* h composition of the g-linear map F induced by (M, A) on /i 7e is 

/X 7e (/ (g) 777,) l-> /i 7e+7 (/' 7 ' <g> TO). 

By definition, /i e = /x 7e and /i e+1 = /U 7e+7 so former induced map is F . □ 
2.3 ©^-actions on unit F-modules 

We will now begin the investigation into the relationship between unit F- modules and TS>x- 
While this relationship is mentioned in |Lyu97| , there is a more general and categorical ap- 
proach presented in |Haa87j . The approach of the latter reference is used in this article to 
illustrate the category of unit F-modules as a full subcategory of "periodic" O^-modules. 

Remark 2.7. It was shown in |Haa87l 1.2.5] that 3 X = lirii_ Snd a e(O x ) where W x = 
Snd q e(Ox) denotes sheaf of abelian group endomorphisms, T, with T(f gE g) = f qC T(g) for 
all / € Ox- As X is smooth, £nd q e{Ox) — £ndo x (F^Ox) is a trivial Azumaya algebra and 
via the Morita equivalence, the category of left modules of this ring is equivalent to the the 
category of left Ox-modules. 
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The previous remark implies that we may view a left Ox-module, Ai, as a quasi- coherent 
Ox-module with compatible actions of the trivial Azumaya algebra 3 e x . Thus, for each e 
we can apply the Morita functor to obtain a left Ox-module Ai e with certain compatibi- 
lity properties in terms of e. Therefore, a left Ox-module may be viewed as a system of 
Ox-modules with compatibility conditions. The following theorem from |Haa87] makes this 
process precise. 

Theorem 2.8. The category of left Ox-modules is equivalent to the category of diagrams. 

... ^M i+1 M^.-.^Mo 
subject to the following conditions: 

1. Aii+i is a quasi-coherent sheaf on X. 

2. (pi is g-linear. 

3. (pi induces an isomorphism F x Ai i+ i — > Ai{ defined locally by / <g> m i-> /0j(m). 

Remark 2.9. While a proof will not be presented, it will be useful to discuss how from such 
a diagram we may construct a Ox action on Aio- Given P G O x and m G Ai®, consider 
the given isomorphism £ -1 : F x Ai e — > -M-o- F x *Ai e carries a natural action of W x and we 
define Pm = £ -1 P£(m). The convention in the labeling of £ -1 is used to be compatible with 
the notation in [Lyu97|. 

Corollary 2.10. A unit F-module, (Ai, F), on X has the natural structure of a Ox-module. 
Proof. Consider the diagram, 

... ^ F M^ F M ^ F ... ^ F M 
and use the previous theorem. □ 

Remark 2.11. If q' is a power of q then changing the g-structure on a unit (Ai, F)-module 
to a g'-structure as in 12.61 results in the same Ox-structures on the module Ai. 

Question: If (Ai, F) is generated by (M, A) then Ai is a directed limit in terms of M. Can 
the action of Ox on Ai be understood in terms of (M, A)l 

The next proposition gives the affirmative answer to this question. 

Proposition 2.12. If {Ai, F) is generated by (M, A) then the action of P G End q e(O x ) on 
/j,o(m) is given by P/j<o(m) = jj e (P (F x ^* (A) . . .Am)) where the action of P on F X M is the 
natural one. 
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Proof. Set B = F£~ (A)... A and let £ _1 : F^M — > M denote the e'^-structure morphism. 
P/io(m) is denned as £ _1 P£(/io(wi))- By definition, /io(m) = jj, e {Bm) and Bm = ^ . fj<S>rrij G 
F|*M. Thus, C(l I o(' m )) — Ylj fj ® l J >o( m j) because 

i '(^./- //„(/,,,)) = ^/^oh) 

j 

= Hoijn). 

Hence, P£(// (m)) = J2j( p fj) ® A*o("ij) and 

P/i (m) = r'^^oM) 

i 

= M^(E/i® m i)) 
= fjL e {P(Bm)). 

□ 

The next corollary will be useful in understanding the action of the Euler operators in terms 
of the generating morphism. 



Corollary 2.13. If q =p 7 , X = X' x k Spec(k[t\), M is a unit F x -module, and {0*}?=! e W x 
B%[t, 6 U 9,MM) = fi e (B e R [t, 6 U ..., 9 ie ]Ft 1] *(A)...AM) 



the operators 6>j = t pl 1 ^ then 



and 

W R [t, 9 ± , 9 ie }^{tM) = /i e (D e R [t, 8 U 9 je ]tFt 1) *(A)...AM). 
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In particular, instead of studying the action of the Euler operators on 



B%[t, 6 1 , 9 1G ]n (M)/W R [t, e x , 6 ie ]^{tM) 



it is enough to study their action on 



w R [t,e u ...,e ie ]F : 



(e-l)* 



(A)...AM/B e R [t,e 1 ,...,9 ye )tF : 



(e-l)* 



(A). ..AM. 



x 



x 



2.4 [^] powers of (non-unit) submodules 

This section will study fractional powers of (non-unit) submodules of unit F-modules. This 
material generalizes the usual study of fractional powers of ideals. 

Definition 2.14. If (A4,F) is a unit F-module and J\f C A4 is any subsheaf of Ox- 
submodules (possibly not unit F) then define Af^ to be the image under the restriction of 
the structure map F x *Af — > M of (M, F' = F e ) (see E2] with 7 = e)). We can also define 
fractional powers by defining Af^ to be the minimal module Af' with Af' [q£] D Af. 

Proof. It is necessary to show that the latter definition is well-defined by showing a minimal 
such submodule exists. By taking Af' — A4, it follows that the set of submodules with this 
property is non-empty. Fx is flat and thus F x naturally commutes with arbitrary intersec- 
tions, thus (lAf^ 9 ' = (r\Af[)^. The minimal element is the intersection of all elements from 



Example 2.15. Consider the unit F-module (R, Fr) and let J, J' C R be ideals. The image 
of J' under the e tft- -structure map F R *J' R is precisely the ideal j'^ = ({f e \j e J'}). 
Hence, applying the definition of fractional powers given above to J results in the same ideal 
convention 

The next proposition shows that these (fractional) powers are stable under etale pull-back. 

Proposition 2.16. If (A4,F) is a unit F-module and Af C A4 any subsheaf of Ox- 
submodules (possibly not unit F) and 7r : Y — > X is a flat morphism then 

1. Ti*{M^) = (n*Af)b e y 

2. vr^TV 1 ^ 1 ) = (ttW) 1 ^ 1 if 7T is etale. 

Proof. By replacing q by q' = q e , it is enough to prove these statements when e = 1. 

1. The unit F structure on tt*(A4), 



the set {Af'\Af'^ D Af}. 



□ 



e 



: F*(n*A4) -> n*M, 
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is defined (locally) by 

/ <g> g ®m4 fg p ® F(m). 

By definition, 

Af^ = Im{Q^-\{FxN) ->• M) 

and 

(ttW) m = /to^K^ttW) -)• 7T*A1) 

There is a natural isomorphism 77 : it* o F£ = Fy o 7r*. This isomorphism has the prop- 
erty that Oy 1 o 7) = n*9 x ^ and r](n*F x Af) = F Y ir*Af. The right exactness of pull-back 
implies the image of ir*F x Af under tt*9 x 1 is n* (N^) . Applying rj, this image is also 
the image of F Y 7T*Af under 9 Y l which is (n*Af) [q] . 

2. As etale maps are open, it is enough to prove this proposition only when n is the 
inclusion of a Zariski neighborhood or when n is a finite Galois cover. 

Case 1: tt — j :Y — U — >■ X is the inclusion of a Zariski open neighborhood. 

The inclusion Af^\u D (Af\u)^ follows from part 1. For the reverse inclusion, suppose 

Af' C _M\u is such that Af' [q] D Af\ v . Define Af' = Kern(M ->■ j*(M\u/Af')) C X 

then H'\u = Af'. 

By the flatness of Frobenius, 

F* x Af> = Kern{F* x M ->• F^A^/Af )). 

We want to show that A/"'^ D A/". It is enough to show that image presheaf 9 x 1 (F x Af') 
contains Af. Fix an open set V C X and a section n G A/"(V) then n\unv is zero in 

jM \u/Af'^ q \U n V) = •M|[//A/' / |[/ (£/ H V) where the isomorphism is the one given in 
part 1. We find 9 x {V){n) is in Kern(F x M ->■ F^;(M| f7 /A^'))(^) = i^A^F) which 
yields ra G Af' [q \v). Thus A/"' D A/" [ « ] which implies by 1 that Af' D Af^ ] \u- The result 
is obtained by taking Af' = (Af\u)^- 

Case 2: n is a finite Galois cover. 

Denote by G = Aut x (Y) the Galois group. By part 1, it is clear n*(Af^) D (n*Af)^. 
For the reverse implication, suppose that Af'^ D n*Af. As n*Af is closed under the 
natural G-action on 71* M, (gAf') [q] D n*Af for all g e G. Therefore (ir*Af) [ « ] is a 

G-submodule of vr*Al If Af" = (n*Af) [ * ]G C A* then by Galois descent, (n*Af) l * ] = 
n*(Af"). In particular by part 1, n*(Af" [q] ) = (n*Af") [q] D n*Af. As rr* is faithfully 



12 



fiat, it must be the case that M" [q] D A/". Hence, J\f" D A/" 1 * 1 and n*J\f" = (n*J\f) [ « ] D 



□ 

Corollary 2.17. If (M,F) is a unit F-module on X, A/" C .M a (possibly not unit F) 
(9x-submodule, and x E X then formation of [q e ] and [i] powers commutes with restriction 
to etale neighborhoods of x. 

There is also the following generalization of [BMS08, 2.5]. 

Theorem 2.18. Let I be an integer, (R® l ,F^ 1 ) the natural unit F-module on R of rank 
I, and N C R® 1 a submodule generated by vi,...,v n . If F^R is a free .R-module with 
i?-basis bi,...,b c (c = q edm ( R )^ fei,!, fey, fe C; z the corresponding basis for F^R® 1 and 
^ = J2%o,f=o°%j,j' b 3,f tnen setting 10^ = (0^,1, ■■■,a iJt i) we have 



Proof. The proof follows by a direct adaptation of the proof of [BMS08, 2.5]. To ease nota- 
tion, we again note it is enough to prove the case e = 1. 
The inclusion C ({w i: j}) is obvious because Vi = ^2jbjF R (wij). 

The reverse inclusion is a consequence of the following observation. If {b^} is the dual basis 
of F Rif R over R, then for any N', N'^ is closed under application of b^ (acting along the 
diagonal). In particular, if JV'M D X then b< = F R (w^) E N'^. As Fr is faithfully fiat, 



□ 

Corollary 2.19. Let i? be a polynomial ring, I an integer, and (R® l ,F^ ) the natural unit 
F-module on R of rank Z. If N C -R®' can be generated by elements of degree at most d, 
where the degree of a vector is defined to be the maximum of the degree of each entry, then 
can be generated by elements of degree at most |_4j ■ 

Proof. Follows directly from 12.181 

□ 



2.5 KD3f" su t>niodules of unit F-modules 

This section will briefly generalize [BMS09t 2.2] from ideals to arbitrary unit F e -modules. 

Theorem 2.20. If (M, F) is a unit F-module then the D^-submodules of M. are precisely 
those of the form J\f^ for J\f a (possibly not unit F) (9x-submodule of Ai. In particular, 

the D^-module generated by J\f is A/~'«^ 
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Proof. The O^-structure of M. is given by the ©^-structure of F e *Ai after identification 
through the e th structure isomorphism. By Morita equivalence, the F e *A4-submodules of 
Ai are precisely those of the form F e *Af for JV C Ai an Ox-submodule. Applying the e th 
structure isomorphism to M gives the result. Alternatively, one can modify the proof of 
[BMS09, 2.2] to obtain this result by direct computation. 

□ 

3 List Test Modules 

We will now discuss a generalization of the test ideals t(/°) which will be used in the next 
section to prove the existence of 6-functions. A good review of test ideals and F-jumping 
exponents is contained in [BMS08J. The most relevant result of [BMS08J to be generalized 
in this section is that F-jumping exponents are discrete and rational. Unlike test ideals, 
which are defined by two parameters A and e with A fixed and e>0, list test modules will 
exhibit their most interesting behavior by fixing e and allowing A to vary. This technical 
variation requires the analogous definition of F-jumping exponents to be more analytic in 
nature. Example 13.41 will detail the relationship between list test modules and generalized 
test ideals r(f a ) and includes an analysis of the relationship between the jumping numbers 
and F-jumping exponents. The main result of this section is that the jumping numbers 
associated to list test modules are discrete and rational. 

List test modules will be determined by a list of matrices. In order to assist the reader, in 
the first subsection a thorough investigation of list test modules is done when the matrices in 
the list are lxl and the list is of length less than q. In this case, they will actually determine 
an ideal in R and hence are called "simple list test ideals". The generalized test ideals r(f a ) 
are examples of simple list test ideals. The second subsection contains the generalization of 
the important statements from simple list test ideals to the list test modules. The proofs of 
the general case are omitted because they follow by the analogous arguments. 



3.1 Simple list test ideals 

To provide appropriate motivation for the definition of list test modules and their jumping 
numbers, we will first analyze a special case and its relation to test ideals and F-jumping 
exponents. 

Notation 3.1. We make a small modification of classical notion. Let 5* = U e S e a union of 
finite sets indexed by N. We say that s is an accumulation point of S if it is an element of 
n e iU e > e 'S e . That is, the accumulation points of S are the usual accumulation points but we 
also allow limit points of constant sequences as the constant is contained in S e for infinitely 
many e. 
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Definition 3.2. Let r , ...,r q -i G R be a list of length q. For each A G (0, 1] and e > 
define, 

i"(r ,...,r,_i,A,e) = (^^...rj)^ 1 
where |~Ag e+1 ] — 1 = i + i±q + ... + i e q e is the unique base q expansion of [Ag e+1 ] — 1. 

The e th simple list test ideal is, 

r(r , r,_i, A, e) = J(r , r,_i, A', e). 

A'<A 

This definition can be extended to all A G R by setting 

r(r , r,_i, A, e) = r(r , r,_i, A , e) 
where Ao is the unique representative in (0, 1] of the class A G R/Z. 

Remark 3.3. For fixed A, the ideals I(r , A, e) decrease as e increases. This implies 
that for fixed A, the simple list test ideals also decrease as e increases. For fixed e, the simple 
list test ideals are constructed to increase as A increases. There is also lower semi-continuity; 
for every e and every A there exists A' < A such that r(r , r q -i, A', e) = r(r , r q -i, A, e). 

The following example will demonstrate that the generalized test ideals r(f a ) for / G R are 
a special case of list test modules. It will also discuss how to recover F-jumping exponents 
as an analytic property of list test modules. 

Example 3.4. Let R be a regular Noetherian F-finite ring, possibly not of essentially finite 
type over k. If / G R and we define r k = fi- 1 ^ then for all A G (0, 1] 

/(r ,...,r,_ 1 ,A,e) = (r^r? ...rf) 1 ^ = (f^~^ a )^ = (/^-r^l)^ 
In particular, if A' < A then q e+1 - \X'q e+1 ] > q e+1 - \\q e+1 ] , 

I(r , r,_i, A', e) C J(r , r,_i, A, e), 

and 

J(r , r,_i, A, e) = r(r , r,_i, A, e). 

As R is Noetherian, for any a G (0, 1) there exists e ^> such that r(f a ) = (/^ ai3e+1 "l)^ e+1 '. 
If |~ag e+1 ] — 1 = i + i x q + ... + i e q e is the base g-expansion and e ^> 0, setting A = A ai6 = 
Efc=o(9 - 1 - ^)? fe_e_1 implies A G (0, 1], q e+l - [Ag e+1 ] = \aq e+1 ], and 

r(r ,...,r 9 _ 1 ,A,e) = (/^-r^ 1 !)^ = r (/« ). 
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If R is of essentially finite type over k, then the F-jumping exponents are discrete and one 
may choose a single e large enough to simultaneously obtain all test ideals r(f a ) in this 
fashion. 

Recall the definition of an F-jumping exponent from [BMS081 2.17]. 
a G (0, 1) is called an F-jumping exponent if for all a' < a, 

r(r') ^ r(D. 

Suppose a is an F-jumping exponent. For each n, there is a number a' with a — - < a 1 < a 
and r(f a ) ^ r(f a '). Inductively, we may choose e n > e n _i 3> such that, 

r(f a ) = (/rag en+1 l)[^r+r] ^ (jKg en+1 l ^^r+r] = r(f a '). 
In particular, there exists an integer m n with 

\aq en+1 ] >m n > \{a - 

n 

such that | ] 

Consider the sequence a n = -^+r- It is clear from the construction that -§^fc and 
converge to a. By the definitions given above, the sequence A Qnie „ converges to 1 — a. We 
wish to make an alternative definition which recovers the set of jumping numbers in (0, 1) 
but in the notation of list test ideals. 

Define 

S e = {A G (0, l)|r(r , r q . u A, e) ^ r(r , r,_i, A', e)Vl > A' > A}. 

Notice that elements of 5" e are all of the form for < a < g e+1 . Moreover, each 
Aa n ,e„ G S' en as a n were chosen such that 

{fmn) [^Tr] = T (r ,...,r q _ u \ an , enJ e n ) + r(r , Ty_ lf A a „, en + -^.O = (J™- 1 )^. 

If we define S* = UgS'e then we have shown that the F-jumping exponents in (0, 1) are of the 
form 1 — s for s an accumulation points of S. 

It will now be shown that if s is an accumulation point of S then 1 — s is an F-jumping expo- 
nent. Suppose s is an accumulation point and set a = 1 — s then s is the limit of a sequence 
A n G S en and the sequence e n is unbounded. Choose integers m n so that A m„ ^ ^ = A n . The 
sequence g^fc converges a. We finish the analysis by breaking into cases. 
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Case I: > a for all n > 0. 

For n very large ™+i nearly approximates a. By |BMS08[ 2.14], 

r(f a ) = (/" ln ) [ g e ™+ lJ ^ ^ym n -iy,e„+iJ _ r(/V n+1 ) 

We have < a, for if not, ^f^- would closely approximate a also and t(/ q ) = r(fi en+1 ). 
The sequence p^pf converges to a which implies that a is an F-jumping exponent. 

Case 2: -f^p: < ol infinitely often. 

We may pass to a subsequence and assume for all n the inequality holds. 
Fix a' < a then chosen n large enough that 

and a' < ' s ^k. 

Direct computation yields, 

where the middle containment is strict. Thus for any a' < a, r(f a ) ^ r(f ) so a is an 
F-jumping exponent. 

We will see in the proofs of 13.121 and 13.141 that the second case is actually null if R is of 
essentially finite type over k. In this situation, the proof of the first case shows for very large 
e, elements of S e are always less than away from a jumping number. 

Motivated by the alternate description of the F-jumping exponents in the previous example 
the following definition for jumping numbers is proposed. 



Definition 3.5. For each e, set 

S e = {\E (0, l)|r(r , r ff _i, A', e) ^ r(r , r q _ u A, e)Vl > A' > A}. 
It is clear that the set S e is contained in the set {^t|0 < m < g e+1 }. 

Set S = U e S e . We define a jumping number for the list r ,...,r q _i to be a non-zero 
accumulation point of S. In the extended setting, we say A is a jumping number if and only 
if A is the integer translate of a jumping number. 

Remark 3.6. It will be shown in the proofs of 13.121 and 13.141 that when R is of essentially 
finite type over k, is never an accumulation point of S. As this is the only case that is of 
interest to this article, it is most convenient to exclude from the general definition. 
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The following proposition was proven in 13.41 

Proposition 3.7. If / G R is a function then A G (0, 1) is a jumping number for the list 
rfc = f^ 1 ^ k if and only if 1 — A is a F-jumping exponent for /. 

Proposition 3.8. If A = -pq^- G S e and m — 1 is not divisible by q e then the fractional part 
of =gi is in Se-l. 

Proof. Proceed by proving the contrapositive: If the fractional part of ^^r- is not in 5 e _i 
then ^pjrr is not in S^. 

Write m — 1 = i + i\q + .... + i e q e and suppose, 

r(r , r,_i, A , e - 1) = r(r , r,_i, A + g _e , e - 1) 
where A = ^±M±^d^M!l! is the fractional part of 
The goal is to show that 

m m — 1 . 

r(r , r ff _i, -^j, e) C r(r , r ff _i, e). 

It is enough to show that 

Kn r\...rl) ^ C r(r ,...,r,_i,-^j-,e). 

By the equality W R I = (J [ ^ ] )[« e l from QB for any ideal I C R, 

r(r , r,_i, A , e - 1) = r(r , r,_i, A + g~ e , e - 1) 

implies 

r(r , r g _i, A + q~ e , e - l) [q£] = r(r , r,_i, A , e - l) [ " e] 
U II 

Dft^r? ....rC Ev<a ^4 

D|j is defined as the operators which commute with g e powers, so 

A'<A 



This induces the containment 

A'<A A'<A 



in)e+l r r 9 r 9 e V 9 " r- Fl) e+1 r r 9 V 9 " r in> e+1 r r 9 V 9 ' 
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which implies, by a second application of I2.20[ that 

. e f 1 m— 1 sUe+ll 

(r io r?...r?) C r(r , r g _i, e) l<z J . 

The claim is then proven by the faithful flatness of Frobenius. 

□ 

Corollary 3.9. A G (0, 1] is a jumping number for r , ■■■,r q then either the fractional part 
of qX is a jumping number or A = - with < a < q. 

Proof. We prove that if A is not of the form - for < a < q then the fractional part of qX 
is a jumping number. 

Claim: There exists a sequence I^+i — > X with 

1 m n c q 

2. e n — >■ oo. 

3. m n is not divisible by q Sn . 

We prove the claim by contradiction. Assume no such sequence exists. As A is an accumula- 
tion point, we know there is a sequence -i^fr converging to A with -i^fr $e n and e n — > oo. 
By the contradiction assumption, after dropping finitely many terms, we may assume m n is 
always divisible by q e ' 1 . Write m n = a n q Sn with < a n < q an integer. Dividing both sides 
by q £n and taking the limit shows that 

Xq = lima n . 

n 

The integers a n therefore must eventually be the constant a = Xq. In particular, A = |, a 
contradiction. 

Let De a sequence as in the claim. By considering a subsequence, we may assume that 
for all n m n is not divisible by q e ™. By the previous proposition, the fractional parts of ^ 
are in S en _i for all n. The sequence converging to qX in K implies the sequence 

converges in M/Z to gA. As the fractional part of qX ^ 0, the fractional part of gA is the 
unique (0, 1] representative of qX e 1R/Z. Therefore, the sequence of fractional parts of 
converges to the fractional part of qX and hence the fractional part of qX is an accumulation 
point of S. 

□ 

Theorem 3.10. If A is a jumping number in the extended sense then either gA is a jumping 
number or qX is an integer. In particular, if qX is not an integer then the fractional part of 
gA is a jumping number. 
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Proof. We proceed by proving if qX is not an integer then qX is a jumping number. By 
assumption, there exists an integer j such that + j — > X where G S' en . As gA is 
not an integer, we know that A — j ^ - with < a < q. 

By 13. 9[ the fractional part of qX — qj is a jumping number. Hence gA — qj is a jumping 
number (in the extended sense) which implies gA is a jumping number. 

□ 

The next proposition will give us insight into the behavior of list test ideals under the 
formation of quotient rings. 

Proposition 3.11. Let x\, x n G R be a regular sequence defining a maximal ideal m C R 
such that 

1. Fft^R is freely generated over R by x u (in multi-index notation) for < u < q e+1 — 1. 

2. F^ 1 ^ S is freely generated over S by x v where Q : R — > S = R/(x n ). 

If r , r q _i is a list in S and fo, are representatives in i? with Proj x s(fk) = for all 

u with non-zero n' h component then 

I(r , ...,f^i, A,e) + (x„) = Q _1 (/(r , ...,r 9 _i, A,e)) 

and 

r(n), tvTi, A, e) + (x n ) = Q _1 (r(r , r g -i, A, e)). 
Proof. Write |~Ag e+1 ] — 1 = io + i\q + ... + i e q e and set 

r = r{ Q ...nf. 

We want to show that 

Q-\{r) [ ^ ] ) = (r) [ ^ rl + (x). 

Reindex the set The 77 th component of v is } by {&i}f = o K -1 - We have that 6« is a 
basis for i^S" over S and for < % < g( e+1 )(" _1 ) and < j < q is a basis for F^i? over i?. 

Write f = a ij + then, by the assumption Proj x a{r k ) = for all u with non-zero n th 
component, = for all j > 0. By 12.181 

/(r ,...,?Vi,A,e) = ({a^}) 

and 

I(nj,...,f^i,A,e) = ({%•}) = (R }). 

Thus, 

Q -1 (J(r , r ff _i, A, e)) = ({a i0 |0 < i < g^"- 1 )- 1 } u {:r n }) = I(f , f^i, A, e) + (x n ). 
The analogous result for simple list test ideals follows immediately. 

□ 
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Lemma 3.12. If R is a polynomial ring then the jumping numbers for r , ...,r q _i in (0, 1] 
are finite and rational. 



Proof. Let d be the maximum of the degrees of {?"«}. It follows from l2.19l that I(r , .., r g _i, A, e) 
can be generated by elements with degree less than or equal to ^z^iri for any A or e. These 
numbers increase with e and hence I(r , r 9 _i, A, e) can be generated by elements with de- 
gree less than or equal to [^~r J = L um e J • By construction, the same is true for the 
ideals r(r , r ? _i, A, e). 

If is the vector space of polynomials of degree less than or equal to L^ri J > then 

r(r , r ff _i, A', e) = r(r , r,_i, A, e) 

if and only if they are equal after intersection with W. If we set W\ >e = r(r , r g _i, A, e), 
then for fixed e the collection {WA, e } is a sequence of vector subspaces of W. Therefore the 
cardinalities of sets S e are uniformly bounded by the vector space length of W plus one. 

Consider the collection of finite sets T e = {0} U S e . This collection of sets has the property 
that if t is an accumulation point of U e T e then the fractional part of qt is also an accumula- 
tion point by 13.101 Moreover, we will now prove that the set U e T e has no strictly decreasing 
sequences of length more than length(W) + 2 by showing that U e S e has no strictly decreasing 
lists of length more than length(W) + 1. 

Let s n G S en be a list of length N' with s n+ i < s n and e n+ \ > e n . We have 

r(r , r ? _i, s n +i, e„+i) C r(r , r g _i, s n , e n+ i) C r(r , r ? _i, s n , e n ) 

with the first containment strict as s n+ i G 5' en+1 . This gives us the strictly decreasing 
sequence with N' terms, 

... C r(r , r,_i, s n+1 , e n+ i) C r(r , r g _i, s„, e„) C ... C r(r , r g _i, Si, ei) 

Repeating the argument as before, these containments are strict if and only if they are strict 
after intersection with W. This implies N' < length(W) + 1. 

The sets T e satisfy the axioms of the next proposition and thus the set of its accumulation 
points are finite and rational. □ 

Proposition 3.13. If T e C [0, 1] is a collection of subsets with the properties: 

1. There exists N such that U e T e contains no length N lists t n G T 6n with t n+1 < t n and 

2. If A is an accumulation point then so is the fractional part of qX. 
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then the set of accumulation points of T e is a finite set of rational numbers. 

Proof. We start by proving the finiteness statement by contradiction. Suppose there are 
distinct N + 1 accumulation points labeled in decreasing order, Ai > A2 > ... > Ajv+i- 
Choose e small enough so that each accumulation point is at least 3e away from the other 
accumulation points. Choose t\ and t\ G S ei such that |A — ti\ < e. Inductively, choose 
e-i+1 > ti and ti + \ G S ei+1 with |Aj + i — < e. Notice that 

U — ti+i > — \ti — Aj| + (Aj — Aj + i) — \ti + i — Ai + i| > — e + 3e — e = e. 

Thus, the £j form a strictly decreasing sequence of length N + 1. A contradiction to the 
assumption that our sets satisfy condition 1. 

To prove rationality, consider the set of fractional parts of q k X as k varies. These are all 
accumulation points by condition 2. We have already shown that the number of accumulation 
points is finite so there must exist n and m such that the fractional parts of q n X and q m X are 
equal. That is, (q n — q m )\ is an integer t. This implies A is the rational number m ■ d 

Similar to the proof of the discreteness and rationality of F-jumping exponents in [BMS08J, 
one can deduce the general case for R a regular F-finite ring of essentially finite type over k, 
from the case of the polynomial ring. The strategy of the proof is similar to the strategy for 
the proof in |BMS08j . First, we use the smoothness of R and 12. 171 to reduce to the case of a 
standard etale neighborhood of a polynomial ring. The result then follows from the case of 
a polynomial ring by using 13.111 

Theorem 3.14. If R is smooth and of essentially finite type over k then the (extended) 
jumping numbers for the list tq, ...,r g _i are discrete and rational. 

Proof. As R is smooth and of essentially finite type over k, we may cover X = Spec(R) 
by a finite collection of Zariski-open subsets Ui — >■ X where each C/j is a standard etale 
neighborhood of an afline open subset of <izm(i?)-dimensional afline space over k. For any 
map Z — > X define, 

S e (Z) = {A G (0,l]|r(ro,...,rv.i,A',e)U ^ r(r , .., r,_i, A, e)| z VA' > A}. 

By 12.171 h is obvious that S e (id : X — > X) = UiS e (Ui). Therefore if A is an accumulation 
point of S = U e S e (id : X — > X) then, because the set {Ui} is finite, A is an accumulation 
point of some U e S e (Ui). If S has an infinite number of accumulation points, then for some 
i, S(Ui) = \J e (S e (Ui)) must have an infinite number of accumulation points. Therefore it 
is enough to prove the lemma for each C/j. That is, we may assume A is a standard etale 
neighborhood of an afline open subspace of affine space over k. 

Therefore, it is enough to prove the theorem when R is the localization of k[xi, x n ] [t]/ (f(t)) 
with f(t) an irreducible monic polynomial. By I3.11[ it is enough to prove the result when 
R is the localization of a polynomial ring and, thus, enough to prove the result when R is a 
polynomial ring. This is 13.121 □ 
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It will be useful to have to understand the analytic relationship between the sets S e and the 
accumulation points of S. 

Theorem 3.15. If R is smooth and of essentially finite type over k then there exists an 
integer N such that for all e > N, 

S e C { — |A is a jumping number for r , r (? _ 1 , < a < q N }. 

(/' ' 1 

Proof. The arguments from 13.121 imply that there are no infinite sequences s n G S Cn with 
s n+i < s n and e n > e„_|_i. 

Claim 1: For any e > such that all the jumping numbers are distance at least 3e away 
from each other, there exists E e such that for all e > E e and all s E S e there exists a unique 
jumping number A with < A — s < e. Note that such an e exists because the jumping 
numbers in (0, 1] are a finite set. 

To prove this claim, we proceed by contradiction. Suppose that for every E = n we could 
find e n > E such that for some s n G S en every jumping number is either more than e away 
from s n or is within distance e of s n but is smaller than s n . By passing to a subsequence, 
we may assume the sequence s n is either always in an e-neighborhood of a jumping number 
Ao < s n or is always at least e away from any jumping number. By passing to a further 
subsequence, we may assume s n converges in [0,1]. Now in the first all jumping 

numbers are at least distance 3e apart, it must be that the numbers converge to Ao- How- 
ever, this means that s n has a strictly decreasing subsequence which can not happen by the 
proof of 13.121 By invoking the proof of !3.12[ it is not possible that the sequence s n converges 
to 0. Thus in the second case, s n converges to a jumping number that is at least e away from 
all other jumping numbers. In particular, there is a jumping number at least e away from 
itself. This is also a contradiction. 



We claim we can make this statement even stronger. 



Choose N' > 2 such that any jumping number A with qX not an integer is at least q 1 
away from any number of the form - with < a < q. 

Claim 2: For every e G (0, q- N ') with all jumping numbers at least distance 3qe apart from 
each other, 0, and 1 (if it is not already a jumping number) then there exists N e such that 
for all e > N e and s G S e there exists a unique jumping number A with < A — s < eq~ e+Nc . 

Fix e as in the hypothesis of claim 2 and choose E e as in claim 1. Set N e = max{E e , N'} 
and proceed by induction on e > N e . 

Base case: If e = N € then we are done because e = N e > E e and s G S e implies there exists 
a unique jumping number A with 0<A — s<e = eq~ e+Ne . 
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Inductive step: Assume for all s G S^-i (e — 1 > N e > E e ) there exists a unique jumping 
number A such that < A — s < eq~~ e+1+Nt . 

Fix s e S e . By claim 1, there exists a unique jumping number A' with < A' — s < e. We 
break into cases. 



Case 1: qs is an integer. 



Write s = - for some < a < q e+1 then we have < q\' — a < qe. Thus, < fr(q\') = 
fr(q\' — a) < qe. Hence, gA' cannot be a jumping number since all jumping numbers are 
distance at least 3ge away from 0. By 13.91 we are left to conclude that qX' is an integer which 
is qe away from a. By choice of e < q~ N and N' > 2, qX' = a and A = s. 



Case 2: qs is not an integer. 



By inductive hypothesis there exists a unique jumping number A with < A — fr(qs) < 

€ q-e+l+N € 

It is enough to show that s = X' — ~ + fr(qs)/q because then the result follows from direct 
computation. 



If qX' is an integer then, 

< fr(qX' — qs) = 1 — fr(qs) < qe 

implies by choice of e that A = 1. If qX' is not an integer then by 13.101 and choice of e, 
fr(qX') = X. In either situation, we recover that gA' — A = a for some integer a. 



Hence, 

— qe << qX' — A — (gs — fr(qs)) = a — qs + fr(qs) < qe 

and the middle term is an integer. Since e < q~ 2 , a = qs — fr(qs) and we are done. 

To finish the proof of this theorem, choose e meeting the criteria of claim 2 and choose N > N e 

so that q N > \eq N ' +1 ] . For e > N and s = G S e , we have sq e+1 < Xq e+1 < sq e+1 + eq N " +1 . 

Thus, 

m = [sg e+1 ] 

< [Ag e+1 ] 

< r^ e+1 i + r^ +1 i 

< m + q N 
We conclude, |~Ag e+1 ] > m > |~Ag e+1 ] — q N . 

□ 
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3.2 List test modules 

We will now consider a generalization of simple list test ideals called list test modules. 

Definition 3.16. Let {A-k ) n} < kn>o e M t (R) be a double- indexed set of matrices with only 
finitely many non-zero. These matrices act on the free module M = R® 1 . For a matrix A 
write for the matrix whose entries are the q th power of the entries of A. To ease notation, 
the indexing set will be expanded to all of Z x Z by setting the undefined indices to be the 
zero matrix. 



Define polynomials valued in Mi(R) inductively on e by setting 

k 

Ait) = H n(nt n i 
0<n<q 

and defining H^(t) to be the unique polynomials such that 

A(t)^...A(t) = Yi H n( tq y n - 

0<n<q e -l 

The next lemma shows that there exists a unique minimal N such that for all e and n 

H e n {r) e M n (R) © M n (R)r © ... © M n (R)r N . 
For each e > and A G (0, 1] define the list test module as 

T({A kJ }, A,e) = J2( H \yl^i( T ) R& ) [ ^ ] c R&N = R el ® R el r ® ... ® R el r N 
\><\ 

Lemma 3.17. The integers deg T H^(r) are uniformly bounded (independently of e and m) 
Proof. For each e, set 

M e = < n<q edeg T H^(T). 
Recall the definition of the polynomials H^{r). 

q e -l 

A{t)^- l \..A{t) = Y J m qe )t n 

n=0 

If A{t) has t-degree at most d the the left side of this equation has t-degree at most . 
The right side of this equation has t-degree at least q e M e . This yields the inequality, 

*-±> > ,«M« 
q - 1 
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Dividing by q e , 

d d d 
M e < < 



q — 1 q e+1 — q e q — 1 

□ 

Example 3.18. If {A^n} be a list of matrices with the following properties, 

1. A k>n = for all k > 

2. A ktn e Mi(R) — R (i.e. Z = 1) 

and we set = A ,j then T({A kt n}, A, e) = r(r , ri, r g _i, A, e) for all A and e where the 
latter ideal is the simple list test ideal. 

Proof. First let us prove the formula 
by induction on e. 

When e = 1 the formula is clear. Suppose the formula is true for e, that is assume 
A^ e -\t)...A(t) = r i0 r? 1 ...rC> +il9+ -" +ie - 1<?e ~ 1 

This implies 

a^(o-^(*)= E E^<---C 1 1 ^ o+n9+ --- +ie - i ^ 1 <t^ e , 

*o+n<?+---*e-ig e_1 
which gives the desired result. 

Plugging this formula back into the definition and taking N — 1, we obtain r({Ak t n}, A, e) = 
r(r , ...,r,_i, A,e). □ 

Definition 3.19. Analogously to the simple case, define 

5 e = {A|r({A fc , n }, A, e) ^ r({A M }, A', e)VA' > A}, 

S = U e S e and the set of jumping numbers of {A^n} to be the non-zero accumulation 
points of S. This definition is extended to all real numbers by defining A to be a jumping 
number if some integer translate of A is a jumping number. 

It will be shown in this section that this set of jumping numbers is again discrete and rational. 
First, it will be necessary to generalize the results from the case of simple list test ideals. 

Proposition 3.20. If A is a jumping number for then either qX is an integer or qX is 

also a jumping number for In particular, if qX is not an integer then the fractional 

part of qX is a jumping number for {A k n }. 
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Proof. As before we proceed by contraposition and first notice that if we write 

k 

for any < < q 6 ^ 1 then 

n k p 

= E E Ec^V)^*™^ 1 

j n+k=j P 

= E E E E(^) [ ^ 1] (* 9 >^ w ~ 1+il9e 

0<jo<<? il n+fc=jo+ji<? /3 
0<io<<? ji n p 

where G^ q " ^(r) is the polynomial whose coefficients are the [q e ~ l ] powers of the coefficients 
of G. 

This implies 

(*) Hh^Mr) = E E(^) [9e " 11 ( r )^o + , 1 < ? -^^ 1 - 

By flatness of Frobenius and 12.201 for any e and < f3 < g e_1 , 

r({A k , n }, ^T, e - 2) = r({A k n }, e - 2) 

qe i ge i 

if and only if for every v G R® 1 

0'<p 

In particular, if r({A fc>n }, e - 2) = r({A fc>n }, e - 2) then there exists {P^} C DfjT 1 
and Vpi G R® 1 such that 

^ Pp>B k) prVp> = B k) pV 

for all k. 
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If < a < q e } we may write a = (3 + joq e 1 with < (3 < q e , then 

Ha(r)v = E E (Hl)^-\r)B j0+hq ^v (1) 
ji «=io+iig 

= E E (^n) 1 ^' 11 ^) E P P' B jo+hq-n,P>Vp>T jl (2) 

= E P ^'E E (^n) [9e " 1] (-r)S i0+ , 1? _„,^^r^ (3) 
/?'</? ji n=io+iig 

= E^'^'W-M ( 4 ) 

where the equality between (1) and (2) follows from (*) and the equality between (2) and 
(3) follows because Pp acts on R® 1 through the diagonal action on each entry of R and is 
linear with respect to g e_1 powers by virtue of being in ID^ -1 . 
Therefore, 

/3 + 7 g*-l + l ^ +7g e-l + 1 

r({A fc>n }, , e - 1) = r({A fcin }, , e - 1). 

□ 

The proofs of the remaining statements follow from direct and obvious modification of the 
simple list test ideal case and replacing 13.81 with the above proposition. As such, they will 
not be restated. 

Corollary 3.21. A G (0, 1] is a jumping number for {^U n } then either the fractional part 
of qX is a jumping number or A = - with < a < q. 

Theorem 3.22. If A is a jumping number in the extended sense then either qX is a jumping 
number or gA is an integer. In particular, if qX is not an integer then the fractional part of 
qX is a jumping number. 

Remark 3.23. The equation (*) in 13.201 implies for fixed A the ideals r({y4fc n }, A, e) are 
decreasing as e increases. 

Proposition 3.24. Let X\, ...,x n G R be a regular sequence defining a maximal ideal m C R 
such that 

1. Fft^R is freely generated over R by x u (in multi- index notation) for < u < q e+1 — 1. 

2. F^ 1 ^ S is freely generated over S by x" where Q : R — > S = R/(x n ). 

If {v4fc n } is a list in Mi(S) and are representatives in R with Proj x a(a) = for all u 

with non-zero n th component and for any entry a of Ak >n then 

T({A^ n }, A, e) + (x n ) = Q~\{A Kn }, A, e)). 
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Lemma 3.25. If R is a polynomial ring then the jumping numbers for {Afc >n } in (0, 1] are 
finite and rational. 

Theorem 3.26. If R is smooth and of essentially finite type over k then the set of jumping 
numbers of are discrete and rational. 

Theorem 3.27. If R is smooth and of essentially finite type over k then there exists an 
integer N such that for all e > N, 

S e C { — : |A is a jumping number for {Ak !n }, < a < q N }. 

4 Euler Operators in the Affine Case 
4.1 The definition of a 6-function 

Now we set S = R[t] and we can consider the constructions of section 2 but for S. 

We will now consider the higher Euler operators 0« = d\ p h pl 1 G End p i+i(S). We also 

consider the operators 6i = t p a t . Notice 9, — 9i = 1. The operators 0, and 0j satisfy 
the Artin-Schreier equation x p — x and hence have eigenvalues in ¥ p . 

Definition 4.1. If V is a space equipped with commuting actions of Define 
7^ v G V as an eigenvector of eigenvalue < n < q e if when n = YIHq 1 ^ ls ^ ne 
base p expansion then v is an eigenvector of eigenvalue for 9i. 

If V is a space equipped with commuting actions of Define ^ v G V as an 

eigenvector of eigenvalue < n < q e if when n = YlHo 1 (? — 1 — i s ^ ne base p expansion 
then v is an eigenvector of eigenvalue for 0; for all 1 < / < 7c Note that this definition 
is compatible with the definition of the eigenspaces for {0«} given in |Mus09j . 

While the definition for eigenvector for the collection $i is natural, we will quickly explain 
the reason for the slightly non-obvious definition for the collection 0j. 

Remark 4.2. By the relation 0j — 9i = 1, any space with commuting actions of 
also has natural commuting actions of {©i}. v G V is an eigenvector of eigenvalue n = 
121=o (l — 1 _ h)q l for {Oj} if and only if it is an eigenvector of eigenvalue n for {9{}. 
Therefore, to ease the analysis, we will consider eigenvalues for the collection instead of 

{©,}• 

Definition 4.3. Let q = p 1 . If (Ai,F) is a unit i^-module generated by (M,A) with 
M finitely generated over S, define a 6-function for ((A4, F), (M, A)) to be a polynomial 
b(s) G R[s] with roots in (—1,0] satisfying the following property: If {Aj} denotes the roots 
of b(s — 1) then there exists an integer N such that for all e > 0, the set 

{\Xiq e ] - a|0 < a < q N } U {0} 
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contains all possible eigenvalues for the action of {6^} on 

W R [t, 9 X , e je )Ft 1} *(A)...AM/B e R [t, 6 U 9 je \tF { s e - 1] *(A)...AM. 
Remark 4.4. This notion of 6-function depends on the root (M, A) and q. 

Remark 4.5. By \2.20\ the condition in the definition implies there exists N'(= iq N ) such 
that for all e there are at most N' non-zero eigenvalues for the collection {0j}f =1 acting on 

w R [t, 6u e ie ]Li (M)/w R [t, e u e je ]tfi (M). 

In particular, if for each < a < q N Cij(a) is the j-th digit in the base q expansion of 
[Ajg e+1 ] — a then the condition is the same as requiring for all j that for all j 

n n + 1 + c ^ 

0<a<q N i 

annihilates 

w R [t, e x ,..., e ie \fx (M)/w R [t, e u m^o(m). 

Hence, the condition in the definition is stronger than the condition given in characteristic 
and is a generalization of the condition given in [Mus09j. 

Example 4.6. Let f e R, q = p, and M. = R\t](f-t)/R[t] — Hr f (Ospec(R[t])) is equipped with 
the natural unit F-module as an i?[t]-module. (Ai,F) is generated by R[t]/{t) — > R[t]/(t) 
via multiplication by (/ — t) p_1 . The combined results of |Mus09j and 13.41 show that a b- 
function for this generator is given by Yl( s + \) where A, are the jumping numbers for the 
generalized test ideals t(/ a ). This is the characteristic p analogue of the characteristic 
statement (see [BS05] or |ELS V04] ) that if A is a jumping exponent then b(—X) = 0. 

The next proposition provides a way to simplify the analysis of the existence of 6-functions 
by reducing to the case when M is free of finite rank. 

Proposition 4.7. If (Ai, F) is generated by (M, A) with M a finite S- module then any free 
resolution it : S® 1 — > M gives rise to a commutative diagram, 

M ^F* S (M) 

Let (M,F) denote the unit F-module generated by (S® l ,A). If (M,F) admits a 6-function 
then so does ( M. , F) . 
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Proof. 
and 

FI*(n)(W R [t, 6 U e ie ]tFt l) *{A)...A{S® 1 )) = B R [t, 6 U 9 7e ]Ftg~^* (A)...AM 

Thus the quotient of the left equations surjects onto the quotient of the right equations and 
the same b- function for (M, F) will work for (Ai, F). □ 

4.2 The freely generated case 

Notation 4.8. If A : S el -> S & and consider A matrix of R- valued polynomials in t. 
We can also consider the composition F$ e ^*(A)...A as a matrix of polynomials. It will be 
convenient to decompose these expressions in terms of the degrees of t between and q e — 1. 
Define H^(t) e Mi(R[t}) in the following manner, 

Ft 1) \A)...A= £ H n(t g y n - 

0<n<q e 

Remark 4.9. Lemma 14.131 will show that this choice of notation H^{r) does not conflict 
with the notation from section 3. 

Lemma 4.10. 

w R [t,Oi,...,e^]Ft 1) \A)..AS* l = ^ e R [t]K(t q y n R & 

0<n<q e 

Proof. To show that 

w R [t,9 1 ,...,9, e ]Ft 1) *(A)...As® l D imm^ra* 1 , 

0<n<q e 

consider that for each < n < q e , the Euler operators t n <9j™' are in the ring generated by 
{Qi\i=i an d These operators commute with t qB . For any v G R® 1 , H q \_ 1 (t qe )t q ~ l v is in 
W R [t, 0i, 6 ie }F i s e ~ 1) *(A)...AS & because it is equal to K" 1 ^" 11 applied to F^ G ~ 1) *(A)...Av. 
Notice that if m is an integer and {H*{t qe )t n v} n>rn is in B e R [t, U O ie }F { s~ l) * (A)...AS® 1 , 
then so is H^ l (t qe )t m v because it is a non-zero scalar multiple of the trailing term of 
t m d [ ™ ] F* s e (A)...Av and the higher terms are in W R [t, 6 X , e ie ]F^ e ~ 1) *(A)...AS & . The well- 
ordering principle then proves the containment. 

For the opposite containment, it is enough to show that J2o< n < q e B e R [t]H^{t qe )t n R® 1 is a left 
B R [t, 9i, 7e ]-module because it clearly contains Fg e (A)...AS® 1 . It is only required to show 
that it is closed under multiplication by 9i. By linearity, it is enough to check for each i, n, 
d, and v that Bit d R e n {t q& )t n v is contained in £ < n<?e B R [t\H*{t qe )t n R® 1 . This is clear. 

□ 
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Theorem 4.11. Consider a unit F^-module (M,F) generated by A : S® 1 — > S® 1 . For all e 
and for < m < q e , 

B R H e (r)R® 1 + ... + Efcfl^r)^ = W R H e (r)R® 1 + ... + W R H e m {r)R® 1 
as subsets of R[t}® 1 implies 

(W R [t, 9 1 ,..., e e ]Ft lh (A)...AS^) m = (W R [t, 9 U ..., e e ]tF R e - l) *{A)...AS® n ) m 
where subscript m denotes taking the m-th eigenspace for the operators {0i}- 
Proof. By the previous lemma, 

Ty R [t,e 1 ,...,e e ]Ft 1)m (A)...As & = £ mW^TR® 1 

0<n<q e 

Let x G (B e R [t,e 1 ,...,e ie \F^ e ~ 1) *(A)...AS el ) m and write 

X = E E E PKnAt q y k K(t qe )t n V n , % 
0<n<q e i 0<k<q £ 

where P fcltM (f« e ) G W R [t qB } and v Htl G R® 1 . 
We may rewrite this sum as 

* = E E E Pu-nM^mt^Vn,. 

i 0<u<2q e -l0<n<q e 

By virtue that x lives in the m th eigenspace 

X = y ] ( P m -n,n,i(t 9 )H^(t q )t m V n ^ + P m +q e -n,n,i(t 9 )H^(t q )£ m+l3 t> ni ). 

i 0<n<m m<n<q e 

For n < m, H e n {t q£ )t m v n = t m ~ n R e Jif)t n v n is in (Bf^,^, 7e ]^ e_1) *(A)...AS®%. Also, 
Thus it is enough to show that the m tA term Po,m,i(t qe )H^(t qe )t m v mji is in 

(D|[t,^,...,^ e ]tF| e - 1) *(A)...^)m. 

Write -Po,m,i(^ e ) = *TlijPj,iV qa where Pj^ G Dfj. By assumption, for each i there exist 
Qj, w ,i e D?? and G ,R® Z such that Eo<« ) < m ( 3j,»',<^( r ) t 'j,»,' = p j,i H m( T ) v m,i- Setting 
t = t qC , multiplying both sides by P qe t m , and summing over i, j we obtain 

^ 1 Qj,w,i& 9 t H w (t 9 )t Vj >Wj i = ^ ] P j,$ q ^nSP )t V m,i 

i j 0<w<m i j 

= J2 P ^ q lH e m (t qe )v m , t . 
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The left side of the above equation is contained in (H5fj£, #i, 9^ e ]tFg e ^* (A)...AS el ) m as 
the sum is over w < m, thereby completing the proof. 

□ 

Corollary 4.12. If there is a non-zero eigenvector of weight m for the operators {^} in 
W R [t, 9 U 6 e }Ft 1> (A)...AS® l /W R [t, 9 h 0*\tF { °- x) \A)...AS & 

then 

W r H%{t)R® 1 + ... + W^^R® 1 + W r H*{t)R® 1 + ... + W R H e m {r)R® 1 . 
4.3 Relationship to list test modules 

In this subsection, we continue working in the context of the previous subsection. We will 
show, similar to the case of the first local cohomology module, that the (infinite) behavior of 
the eigenvalues of {^} is completely controlled by the jumping numbers of list test modules 
when R is smooth and of essentially finite type over k. First, we begin by relating the 
eigenvalues to the sets S e . 

Lemma 4.13. If (M,F) is generated by (M,A(t)), H^(r) = Y.kAk, n T k , and S e is the set 
associated to {Ak in } in section 2, then the eigenvalues of the action of on 

W R [t, 9 U e ie }Ft 1] *(A)...AS & /B e R [t, e u 6 ie ]tFt l) \A)...AS & 
are contained in the set G S e -i} U {0}. 

Proof. In the canonical basis for S® 1 , F e *A = Ait)^ in the notation of section 3). It then fol- 
lows directly from the definition that both constructions yield the same definitions for H^(t). 

By I4.12[ if there is a non-zero eigenvector of weight m ^ in 

W R [t, B u 6^}F$- 1) \A)...AS s */W R [t, 9 h .., 9^\tF^- x) \A)...AS^ 

then 

W r H*{t)R® 1 + ... + Dy^r)^ + VrHS(t)E** + - + ® R H e m (T)R® 1 
which implies 

r({A k , n }, ™ e - 1)M ± T ({A k , n }, e - 1)M 

q e Q 

By the faithful flatness of Frobenius, the last inequality is true is if and only if p G S e -\. 

□ 

The next theorem explicitly describes how the jumping numbers control the (infinite) be- 
havior of the eigenvalues of the operators Q{ when X is of essentially finite type over k. 
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Theorem 4.14. If X is of essentially finite type over k and (Ai, F) is generated by (M, A(t)) 
then there exists N such that for all e > the eigenvalues of the action of {Oi}]=i on 

w R [t, e u e je ]Ft 1) *{A)...AJ5*»/w R [t, e u e ie }tFt 1> (A)...As (Sl 

are contained in the set 

{ |~Ag e+1 ] — a\X is a jumping number for {Ak^}, < a < q N } U {0} 
where #*(t) = £ fe A fe , n <r fe . 
Proof. Combine 13.271 with the previous lemma. 

□ 

4.4 The Lemma on 6-functions in positive characteristic 

Theorem 4.15. (The lemma on 6-functions) If X is smooth and of essentially finite type 
over k and (Ai,F) is a locally finitely generated unit F-module on X x A 1 then for every 
affine open set U G X a, 6-function with rational roots exists for every generator (M, A) of 
(MluxA 1 , F\ UxA i). 

Proof. Follows from 14.141 □ 

4.5 Examples 

Example 4.16. (Free cyclic generators of low degree) If I = 1 and each H\(r) is constant, 
then a 6-function for (Ai,F) is given taking the polynomial whose roots are the jumping 
numbers for the list Hq, H^ x . This follows directly from l3.lSl 

Example 4.17. (The free resolution of the first local cohomology module) Let / e R then 
the first local cohomology module is Fs-generated in the sense of G. Lyubeznik by 

R = S/tS -)• S/tS = Rbyrffj ^ (/ - ty- 1 ^). 

It has free resolution S — > S by multiplication by (/ — t^" 1 . 

Combining the previous example with 13.41 one computes that a 6-function for the first local 
cohomology module of / (and its free resolution) is given by taking the polynomial whose 
roots are the negatives of F-jumping exponents of /. The stronger result of |Mus09j both 
coincides with this result and strengthens it: This is the smallest such polynomial satisfying 
the criteria to be a 6-function. As previously mentioned, this is analogous to the situation 
in characteristic where the roots are negatives of jumping exponents for multiplier ideals. 

Example 4.18. (Pushforward of rank one tame local systems onto A 1 ) Let X = A 1 = 
SpecQs[t]), U = Spec(k[t,t- X ]), and m an integer dividing q — 1. Consider the k[£] -module 
Ai = k[t,t _1 ]A/t and its obvious Frobenius map F(f y/t) = f q t q — yft. This gives Ai 
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the structure of a unit F-module on X. Moreover, one can check that for any j > 1 M. is 
generated as a unit F-module by the morphism k[t] — > k[t] f h-> fp( q ~^~~ . This generating 
morphism is the same as choosing the ID^-module generator t~ J v^t as (k[t\) = k[t]t~3 yft. 
To ease notation, set /3 e = j + then for all e ^> 0, 



if n j£ q e - p e 

T (j-1) jf n = g e _ p £ 



Therefore, either using I4TT31 or the theory developed for simple list test ideals, S e = { q ~ e }■ 
In particular, it matches our characteristic zero intuition that the Euler operators, act semi- 
simply with a single eigenvalue — This implies the Euler operators — 0j act semi-simply 

with a single eigenvalue — l+j— Notice that in characteristic 0, (— d t t— yt = 
and so the Euler operator actions coincide across characteristics before letting e tend to oo. 

Let us now investigate the behavior of fe-functions across characteristics. The limit point of 
the sets S e is clearly (1 — — ) and so the 6-function is given by (s + — ). Notice that this 
is independent of j. This shows the non-triviality of the hypothesis that "there exists an 
integer N" in the definition of a 6-function when the degree of A(t) becomes larger than q. 
The 6-function in characteristic is (s — j ' + 1 + ^) and does depend on j. The 6-functions 
coincide when j = 1. 



Example 4.19. (Pushforward of the wildly-ramified Artin-Schreier local system onto A 1 ) 
Let X = A 1 = Spec(k[t]), U = Spec(k[t,t- 1 ]), and M = k[t, f -1 , u]/(u q +tu q ' 1 -t) considered 
as a k[t]-module with obvious Frobenius. This Frobenius makes A4 into a unit F-module 
over X. It is the pushforward of a local system that is wildly ramified at the origin. A 
^-function is given by Uo< a < q ( s + f)- 
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